BOUNDARY LAYER ON THIN SHORT WINGS

V. I. Shalaev UDC 532.526-3.011.7

The author has analyzed the equations of flow at large Reynolds number over thin short
wings. A regular solution has been constructed for vortex-free flow, valid in the linear
approximation in the small parameters: angle of attack and wing thickness. It is shown
that the three-dimensional boundary layer problem reduces in this case to a set of two-dimen-
sional problems. The necessary equations are given and the analysis is shown. In a compari-
son with experimental data computed results are shown for laminar and turbulent boundary
layers on a triangular wing. The author has investigated some special features of flow on
a wing with a bend in the leading edge, accounting for two Reynolds number approximations.
The author gives the basic relations and example calculations for a triangular wing.

1. Let a wing of thickness §,, length b,, and chord length 2%, be set at a small angle
of attack a in a uniform gas stream with density pe, pressure pw», enthalpy he, velocity ue,
viscosity e, thermal conductivity ke, Mach number M, Reynolds number Re = peoloby/He, and
Prandtl number Pr. The wing surface is given in a rectangular coordinate system XYZ (Fig. 1)
by the equation Y = tF(X, Z). The coordinates Y and Z in the transverse section plane are
referenced to %,, and X is referenced to b,. Assuming that

A=1/by<1, § =8by <1, T=8A<1, e =ah g1, ARe >1,

we seek a solution of the flow equations in the Prandtl approximation (separately in the
outer inviscid region and in the boundary layer) using the method of perturbations. With the
given boundaries the outer region flow is described by slender body theory [1]. The short-
coming of this solution is the presence of singularities in the vicinity of the wing edge.

To obtain a regular solution in this paper we use the method of [2, 3], based on constructing
a local solution near the edge, which is matched with the slender body solution. All the
relations for the outer region are analytical in form, which eases the analysis considerably.

The solution of the boundary layer equations is also found by the method of matched
asymptotic expansions [4, 5]. On the main part of the wing surface the general three-dimen-
sional problem is reduced to a sequence of two-dimensional problems by introducing an addi-
tional unknown. In the vicinity of the leading edge the flow is described by the equations
for a wing in shear flow [6].

With this technique one can obtain a solution of the flow equations in the following
Reynolds number approximation. Some special features of this problem have been studied for
a laminar boundary layer on a wing with a discontinuity in its leading edge.

In slender body theory the flow over a wing is described by the potential ¢' which can
be represented in the form [1]
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where m==|LF-—1¢”E S(X) =2t SA4(X,Z)dZ is the transverse section area of the wing; 2A =
2

F, + F,; F, and F, are branches of the two-valued function F(X, Z) corresponding to the upper
and lower wing surfaces. We shall assume the wing to be symmetrical relative to the plane
Z = 0. The equations Z = %(X), Y = tC(X, &) give the position of the wing leading edge, and
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the equations Y = tC(X, Z) = t(F, — F,)/2 give the position of mean surface. The perturbation
potential ¢ is found as a solution of the two-dimensional Laplace equation in the YZ plane
with a linearized non-penetration boundary condition [1]. We write the flow parameters in

the form

l
o g 2T VI—H0E0+VITA0—0
— oY) +njcx(x,§)1n ST dt +

1
+ g—j Ax(X, QIn|Z— 5[+ Olfe + v,

1
. —1/2 Vl Axdf
W = o+ (12 — 2Z7) [ eZ +— ECX d;] IC Zl

O+, =142 o+ ) = 1 — W0 + 00, (1.2)
ve = T(Cx &+ Ax) + O|[(e + )]

Here and below the index e denotes inviscid flow functions on the wing surface, a superscript
refers to the upper surface, and a subscript to the lower surface, the projection of the UYg
velocity vector on the X axis are referenced to u,, the components of the velocity vectors vg
and we on the Y and Z axes are referenced to Auew, and the pressure perturbatlons p are refer-
enced to Apoud. The first terms in the expressions for the potential @A and the velocity wg
relate to flow over a flat plate, the second terms account for the curvature of the mean
surface, and the third terms relate to the thickness. The solution of Eq. (1.2) has a sin-
gularity on the leading edge, and we treat the flow in that vicinity separately.

In the leading edge Z =% we fix a system of orthogonal curvilinear coordinates xyz
(Fig. 1), where x is measured along the edge, y along the normal to the mean surface, z is
measured along the tangent to the mean surface perpendicular to the edge, y and z are refer-
enced to %,, and x is referenced to b,. In the framework of slender body theory the angle
x: of inclination of the edge relative to the X axis is small: ¥ = Af = Ay + O(A%) <« 1, and
the angles of inclination of the mean surface relative to the plane Y = 0 are also small.
Therefore the velocity vector components, referenced to u., along the edge are Uy, = cosy; =
1 + 0(A?), and in the direction perpendicular to it the component is We = siny,; = A + 0(A3).

For a blunted edge the characteristic dimension of the special region is referenced to
L4, and the radius of curvature r,(x) € 1 of the nose profile of the wing section is a plane
orthogonal to the edge. In this region the wing surface, to an accuracy within a hlgher
order of smallness relative to r,, is approximated by the parabolic surface y = (2r, z)t/? =
ro0 [0 is the parabolic coordinate, and z = £ — Z + 0(A?)]. The derivatives of the flow
functions in the yz plane are on the order O(rgl) » 1, and along the edge they are 0(1).
Therefore the flow in the region z = 0(r,) is described by a nonlinear two-dimensional equa-
tion of the potential in the yz plane. The x coordinate enters only into the boundary con-
ditions as a parameter, and the non-penetration condition is satisfied on the parabolic
surface. For MA € 1 the problem can be linearized and its solution takes the form [2, 7]

Ue=U,(2), We:Wo(x)GH H1=(1+02)1/2- (1.3)
Here Wy is the component, referenced to Auw, of the velocity vector on a parabolic wing pro-
file in the plane orthogonal to the edge; Uy is the velocity along the edge, referenced to
ux. The functions U, and W, and the position of the line of outflow 0,(x) are found from the
solution matching conditions (1.2) and (1.3). Putting z = £ and letting Z go to 0 in Eq.
(1.2) and using the formulas for transforming from Z, Y, Z coordinates, we obtain

U, = u, cos ¥, + Aw, sin yx; = 1 -+ O(A%),
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Comparing Eqs. (1.3) and (1.4) as ¢ » =, we find
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Uy=1, Wo=p + 00=—\/,i(8+112)- (1.6)
0

For a sharp edge we can also construct a regular solution, if ¢ + 1tI, = 0. Then the
local solution in an exponentially small vicinity of the edge is found as a solution of the
problem for a wedge in shear flow y = #¥,z [($,(x) is the semi-vertex angle of the edgel,
and has the form

Uezls We”:Wo.Zj,jz‘Po/(“—“l?o)- (1-7)

The effective flow velocity W,(x) is determined from the condition of matching with the solu-
tion (1.2) in the same way as for the profile [3].

2. We seek a solution of the boundary layer equations on the main part of the wing
surface, where Eqs. (1.2) are valid, in the form of the asymptotic series

u = Uy, n) + eug(s, n, Z) + tuu(s, n, Zy + .
W= Wy + Wy + vy (2.1)
b= hy -+ ehyg + Thyy F oy P =00 1 €010 T 01 T e
b= Uo + &My - Ty + ooy k=Ko + &k + Thy + .o

Here s = X — X,; X,(Z) is the distance from the plane X = 0 to the leading edge; n is refer-
enced to boRe'll2 and is normal to the wing surface; u is the component of the velocity vector
on the section of the wing profile by the plane Z = const; w is the component of the velocity
vector in the direction orthogonal to this profile on the wing surface; v is the velocity
normal to the surface; u is referenced to ue, w is referenced to Auw, v is referenced to
umRe'llz, and p, h, n and k are referenced to their values in the unperturbed flow. We note -
that in the boundary layer the transverse velocity is of one and the same order, but the perturba-
tions of the remaining flow functions are larger by order O(A™%) than the values in the vor-
tex-free flow.

The zero-order approximation to the expansion (2.1) corresponds to flow over a flat plate
and does not depend on the transverse coordinate. The functions of the first-order approxima-
tion are subject to a linear system of equations similar to that obtained for a wing of finite
dimension [4, 5]. Combining the two approximations of Eq. (2.1) the composite solution satis-
fies the system of equations

(pu)s + (pU)n - prXOZ + pq = O’ Ph = 1-1
p[(u - WXOZ)us + vun] = (l‘-un)nv
k
0 [ — wXyg) by + vhn] — (v — D) MPpush = (5 )
p(uws + vwn) + pz — XozPs = (WWn)n,

p(ugs + vgn) + (pz — XozPs)z = (Wdn)n»
n=0 u=v=w=q=h, =0, n=o00 u=h=1, w=w, ¢=¢

(2.2)

(y is the adiabatic index, and the subscripts s, n, and Z denote differentiation with respect
to the corresponding variables). The first approximation problem even for the composite
solution, reduces to two-dimensional if we introduce a new dependent variable q(s, n, Z) =
dw/3Z, which is in essence an additional flow integral. The coordinate Z enters Eq. (2.2) as
a parameter, and from the geometrical characteristics of the surface the equations contain
only the sweepback angle of the leading edge X such that X,z = Atanyx = Acoty, = 1/8. With
an error of O((e + t)?2) the components of the velocity vector u, v, and w along the curvi-
linear coordinate axes coincide with the components along the Cartesian coordinate axes X,

Y, and Z. In contrast with the wing of finite size [4, 5] Eqs. (2.2) do not have a longi-
tudinal pressure gradient, this being of order 0(A?), and the flow perturbations are due ex-
clusively to three-dimensional effects.

The expansions of Eq. (2.1) and Eq. (2.2) are not applicable in the vicinity of the
blunted wing leading edge. Using the ordinary procedure for constructing a local asymptotic
solution [3], one can show that in a region of dimension O(ro) near the edge with an error
of 0(r,) the flow is described by the equations

OW)o + Hy(0V)n =0, o(WH U+ VUx) = (wUn)n,
o (WH W o + VWy) — HEW W oo = W)y, 0 (WHT g + Vi) — (0 — 1) M2uU% = (£ hy) | (2.3)
) AP Yy
N0 UV =W=hy=0; N=oo: U=h=1, W=TW,,
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Fig. 1 Fig. 2 Fig. 3

where N = n//;:; V= VJ;:; U and W are referenced to u, and Au,, respectively, along the

edge and along the tangent to the parabolic profile of the section of the wing by a plane
orthogonal to the edge. We note that the transverse velocity does not enter into the dissi-
pation function of the energy equations (2.2) and (2.3), nor into the relation for the tur-
bulent viscosity . Thus, in the case of gradient models p:=d{(U% + B2WR)Y2 =dUy + O (A?)
[or up = duy + O(X?) on the main part of the surface]. This property distinguishes Eq. (2.3)
from the ordinary equations of theory of a wing shear flow [6].

The solution of the boundary layer problem begins with the outflow line g = o0,(x), where
We = 0, and Egs. (2.3) reduce to a similarity case. The flow may be both laminar and turbu-
lent, beginning from the outflow line. The location of transition is given or computed using
semi-empirical relations.

The boundary layer equations possess the property of being parabolic, and therefore the
matching conditions for solutions of Egs. (2.2) and (2.3) are the initial conditions for Eq.
(2.2). It is appropriate to formulate these using the matching principle of Kaplan [3].

Both solutions exist in the intermediate region r, € z = r,0?/2 = sp € 1 and are subject to
the same equations for a thin wing in shear flow, which follow from Eq. (2.3) when

o0 > » or from Eq. (2.2) when s » 0. The matching conditions for any point s, = r,0%/28 of the
intermediate region have the form

u(sy, n, 2) = U(oy, N, x), h(sl,; n, Z) = h{oy, N, z), (2.4)
w(sy n, Z) =[W —pU] !U=Ul’ q (s 1y Z) = — [Wo — pU]/(ry0) IO’=0‘1'

In the case of a sharp leading edge the formulation of the initial conditions for Eq.
(2.2) reduces to solving the well-known similarity problem of laminar flow over a wedge in
shear flow, and to a transformation, similar to Eq. (2.4), from one coordinate system to the
other.

To illustrate the results obtained Fig. 2 shows the distribution of the longitudinal
friction coefficient cfy at the section Z = 0.05 of the top surface of a triangular wing with
sharp leading edges, sweepback angle of x = 71.565°, length A = 1/3, thickness § = 0.0843
(t = 0.253) at M = 1.5, Re = 107, and angles of attack a of 2 and 4° (curves 1 and 2 for
e = 0.105, 0.21). The abscissa is X = s/b(Z), where b = 1 — Z is the relative chord at the
section Z = const. In the computations we used the Cebesi—Smith turbulent viscosity model
and the method of [8]. Near the wing edge there were sections of laminar flow (Fig. 2, a =
2°, X < 0.15), and the location of transition was taken from experiment [9]. The components
of the velocity vector at the outer edge of the boundary layer were computed using the linear
equations of slender wing theory with the known experimental pressure distribution [9].
Splines were used to match the experimental data and the computed pressure derivatives. The
method of strips (the dot—dash lines), in which the equations of a planar boundary layer are
solved along each section, did not lead to an appreciable difference in the results from
the zero approximation case (broken lines), while the composite solution (solid curves)
agrees well qualitatively with the experimental data of {9] (circles), although the perturba-
tion parameters are relatively large in this case. This confirms the above conclusion as to
the influence. of three-dimensional effects.
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3. As another example we consider laminar flow over a thermally insulated thin wing
with a bent leading edge, accounting for the second approximation in Reynolds number for
Pr =1, a = 0. The wing is a flat plate composed of two triangles such that the wing vertex
angle is 2x, = 2AB,, and at the bend point (X,, 0, *Z,) the angle between the X axis and the
edge varies up to x; = AB;; we note that the wing vertex is also a leading edge bend point.
The coordinate s is given by the relations '

={X—!Z‘/ﬁo’ ‘ |ZI<Z11
X—X,—~(1Z|—=2Z)py |Z1>2Z,.

In this problem the expansion parameter is 1, = Re~'/2/), and the zero approximation is de-
scribed by the similarity solution

L]
uy = fo () B =ty(m), n=V75 { hydn=Vs1,(m) (3.1)

(f, and t, are the stream function and the initial enthalpy, and the primes denote differ-
entiation with respect to n). The planes Z = 0, *Z, for this solution are surfaces of weak
discontinuities, since

dg = — 2 { Wp Z=+0 o ,,{1/[50, Z=27,—0,
0z 2h0 0 —1/601 Z=—O—— 2h0 0 1/'31’ Z=ZI+O.

The same discontinuities occur in the enthalpy and the displacement thickness &% = ast/?
(a = Re1/2(1.721 + 1.192(y — 1)M?) for Pr = 1 [10]).

The perturbations inserted into the potential flow by the boundary layer of such a wing
are determined by Eq. (1.2) in which one must put € = C = 0, A = s'/2, © = afx. For a tri-
angular wing (B, = B; = 1) we obtain

~ . (0, M>1
@, =g+ 9= 2 VX| Q §)+1n2+{_ 1+VX '
° R e a7
o V1+C~V1~C n(t+V1FD , 1+ 1/1—@)] (3.2)
we——(DeZ“—'—[ 19 s R V7 v S Vi g

where [ = Z/X; Q= R(})+ R(—0); R= 21— Vi FOlm[t+VIFTin{d +VI+7T). For the
perturbations of velocities wg and u,;o = ®gx there are no singularities on the leading edges,
apart from the wing vertex X = 0. For M < 1 the function u,;, has a logarithmic singularity
at the trailing edge X = 1. In the symmetry plane Z = 0 there is a logarithmic singularity
in the derivative wgy, but all the remaining functions are regular. For { > 0 we obtain

%V‘Xukz—glnlglv %XS/zweXN—_gln‘gl 21'X3I2w zlnlcl —2In2+42,

In the case of a wingwwith fractured edges for M > 1 and X < 1
21: B, ® 9T o ,
vE[eff) ] mmtre )

For X > X, the perturbation potential %, and the transverse velocity are determined by the
relations

q;e=2£{(301fx[ ( )+l r5—--{-2111(1/X+VX1)]

-—ﬁo(VX—V)Tl)].n(X—'—Xl)+VX—X1[[51[ (E )+2(-g)]-

——ﬁo[ ( )-}-R( EO)] (B —Bo) In 22 1 ,1n ] puXE" n X, ,

=g ecar o (§) o () -n{§) (-5

where the primes denote differentiation with respect to the argument, and §; = (Z + Z,)/(X —

X,), T, = (Z = 2,)/(X —X,). It can be seen that the bend point is the same type of 51ngu1ar
point as the wing vertex. In the symmetry plane Z = 0 and in the planes Z = #Z, the deriva-

tive wgyz has a logarithmic singularity.
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Using Eq. (3.2) we represent the solution of the boundary layer equation in the next
Reynolds number approximation for the triangular wing in the form

‘ P . P ,
w =y = g (1, 8) 1 = L (1, by = 2O, D),

=1—L PO=(1—(+D" =1 =)7)! M VITY | (s VITD
E=1—0 PO=(1—1+9 7 — (1 =) ) Injg| + PSR R

The equations for the functions f, g, and t are obtained from Eq. (2.2) after they are linear-
ized relative to the zero approximation of Eq. (3.1) and for pp = Pr = 1 have the form

f" = — 05"+ E(1 — &) fofs —8Bfof —Dfoy
17 = — 05" + E (1 —§) [t — LBt — Dy —2(v — Mt (3.3)
g = — 0,5,g" + E(1 — ) fogs 4+ 0,58 (1 + 2(1 — &) Qu/Qy) (th— fog)s
N=0f=t=g=f=t"=g=0n=o0f=t=0g¢=1,

where the coefficients B and D are determined by the expressions

B =05+ (1—8PyP, D=F1— 8 — (1 — BEPYP — 0.5 + [0,528Q — Qg — EQcg: 1P,

Tn the problem considered the variables are separated and one does not require a suppleme-
mentary equation for the function g, since

g = 1wz = (weg')z = (werg’ — wegs)/X.

Equations (3.3) were solved using the numerical technique of [11] for M = 2. Graphs
of the function f'(n, &) are shown in Fig. 3, the numbers 1-4 pertaining to £ = 0,1, 0.5,
0.7, and 0.9. Figure 4 shows a graphof the function f"(0, f). The perturbations of the longi-
tudinal velocity u,, and enthalpy h,,, like the functions f' and t', have logarithmic sin-
gularities in the symmetry plane Z = 0 (£ = 1). The nature of the flow in the transverse
plane is illustrated in Fig. 5, which has graphs of the function w, = (nv/X/21)w = Qgg'(n, £).
It can be seen that for 0<{ &< 0.2 the perturbations are transmitted from the edge to the
plane of symmetry. For £ > 0.2 in the outer part of the boundary plane, but inside the
boundary layer there is a region where the transverse velocity is directed in the opposite
sense.

4. The external flow model considered in Sec. 1 is simple and allows a visible analyti-
cal form of representing the solution, but its region of application is restricted to sub-
sonic and low supersonic flow velocities. The solution for the boundary layer of Egs. (2.1)-
(2.3) is valid near sonic speed and also in the hypersonic range of application of the theory
of small perturbations for the outer flow.

Thus, for M > 1, M6 <1, MA > O(1), A<\ 11 <1, if the shock waves are attached to the
edges, the following estimates hold [12]: '

0= O0(1), h=0), p~w~ g~ 6/(MA}) = w/(MA).
For §/(MA?) « 1 Egs. (2.1) and (2.2) are applicable to describe the hypersonic boundary layer
over the entire wing surface. When the shock waves are detached the estimates are different

[13]:
p=0M™>), h=0M?), p~w~ g~ MM =M/,
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so that Eqs. (2.1) and (2.2) are valid on the main part of the surface, if §M/A%? € 1. The
flow near the edge in this case is described by the Euler equations and the boundary layer
equations in the wing in shear flow approximation. In the intermediate region &M/A? = 0(1)
the boundary layer on the wing is described by the full equations of the three-dimensional
boundary layer [13], and for §M/A? » 1 another limiting solution is valid [14].
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